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My notation and definitions will largely follow Mirsky [3]. Let 
A’ = (Ai: i E I) be a finite family of subsets of a finite set S. The well-known 
theorem of P. Hall [2] gives necessary and sufficient conditions for d to have 
a system of distinct representatives (SDR). M. Hall [I] gives a lower bound 
on the number N(d) of SDR’s of .B?, given that &’ has an SDR. This lower 
bound was improved by Rado [6] and further improved by Ostrand [4]. If an 
independence structure d is given on S, then a theorem of Rado [S] gives 
necessary and sufficient conditions for &’ to have an SDR in b, that is such 
that the set (q: i E 1} of distinct elements is independent in 8. Ulltang [7] 
has recently obtained a lower bound on the number N(.d, b) of SDR’s of 
& in 6, given that &’ has an SDR in 6. Ulltang’s bound corresponds to 
Rado’s bound for N(d): apparently he did not know of Ostrand’s paper. In 
this note I give a lower bound for N(&‘, &) corresponding to Ostrand’s 
bound for N(d). It is easily seen that this result has the results of both 
Ostrand and Ulltang as special cases. 
THEOREM 1. Let S be a finite set, let 8 be an independence structure on S 
with rank function p, and let the family &’ = (A,, , A, ,..., A,) of subsets of S 
satisfy pA, < PA~+~ for i = 0, l,..., n - 1. Then ;f N(&‘, 6) > 0, 
N(d, 8) > fi max(1, pA, - i>, 
i=o 
with equality holding if Ai is contained in the closure of Ai+l for i = 0, I,..., n - 1 
(but not conversely). 
Proof. Suppose that N(&, 8) > 0. The result is trivial if 1z is 0. We 
suppose that n > 0 and use induction. There are two cases to consider. 
Case 1. Suppose that for all proper subsets J of (1, 2,..., EZ} we have 
pA(]) > 1 11 . Let x0 be any nonloop of d in A,, , and let 8“, with rank 
function p’, be the contraction of d from x,, , regarded as a structure on the 
133 
Copyright 0 1976 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
134 COLIN J. H. MCDIAFZMID 
whole of S; that is, for subsets X of S, X is in 6’ if and only if x0 is not in X 
and X u {x0) is in &. Then 
p’Ac > pA, - 1 (i = l,..., 72). (1) 
Let ~8 be the family (A, ,..., A,). By (1) we may assume without loss of 
generality that 
~‘4 < p’Ai+l (i = l,..., n - 1). 
Also by (1) and Rado’s theorem [5] we have that N(&“, 8’) > 0. Hence by 
induction and (I), 
N(d’, 6’) 3 fi max(l, p’Ai - (i - l)} 
i=l 
3 n max{ 1, pAi - i}. 
i=l 
Now for each SDR (x1 ,..., x,) of JZZ’ in b’, (xc,, x1 ,..., x,) is an SDR of .JZZ 
in 6. But x0 was any nonloop of 8 in A, . Hence 
N(d, 8) 3 pA, fi max{l, PAi - i} 
i=l 
= fi max(1, pA, -i). 
i=O 
Case 2. Suppose that for some proper subset J of {1,2,..., n} we have 
PA(J) = I J I 9 say, = t. Let g = (Ai: in J), let K = (0, I,..., n}\J and 
%? = (Ai: i E K), and let &‘, with rank function p’, be the contraction of & 
from A(J), regarded as a structure on S. Then it is easily seen that 
N(d, 8) = N(97,G) iv(9,cY). (2) 
Enumerate the t elements of J as 1 <j(O),j(l),...,j(t - 1) = m, where 
j(i) <j(i + 1) for i = 0, I,..., t - 2. Now for i = t, t + I,..., m, 
p.4 < PA,, < pA(l) = t, 
and so 
max{l, pA, - i> = 1. 
Hence by induction, since clearly N(g, 6’) > 0, 
t-1 
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Enumerate the (n - t + 1) elements of the set K as K(O), K(l),..., k(n - t) 
in such a way that p’Akci) < P’A~(~+~J for i = O,..., n - t - 1. Let j be any 
integer satisfying m - t + 1 <i < n - t. I shall show that 
p’Ar(j) 2 pAj+t - t* (4) 
For suppose that the inequality is false. Then for i = O,..., j we have 
Hence at least (j+ 1) ofthe(j + t)elementsintheset{O,...,j + t - 1)are 
in K. Butj + t - 12 m, and so also in this set we have each of the t elements 
in the set J, which is disjoint from K, a contradiction. Hence (4) holds. 
Also, by (2), N(%, 8’) > 0. Hence by induction and (4), 
n-t 
N(g, 6’) >, n max{l, p’Akti) - i) 
i=O 
n-t 
3 n mW, PA~+~ - (i + t)> 
&m-t+1 
= i+1 
max(1, pA, - i>. (5) 
Combining (2), (3), and (5), we may now complete the proof of the first part 
of the theorem. 
Now suppose that Ai is contained in the closure of A,+1 for i = 0,. .., n - 1. 
If n = 0, we clearly have equality as required. Suppose that n > 0 and use 
induction as before. Now, however, Case 2 cannot arise since then we would 
have 
=pA,<t<m+l, 
and so N&Z, &) = 0. We may now complete the proof of the last part of the 
theorem on observing that in (1) we now have equality. 
If we use Theorem 1 and its proof, and an infinite version of Rado’s 
theorem (see, for example, [3]), ‘t 1 is not difficult to prove the following 
infinite extension of Theorem 1. 
THEOREM 2. Let S be an arbitrary set, let & be an independence structure on 
S with rank function p, and let JZZ = (Ai: i E I) be a family of rank-finite 
subsets of S. Suppose that I contains the set J = (0, l,..., n} and that 
136 COLIN J, H. MCDIARMID 
for all i, j in J with i < j and all k in I\ J. Then if N(czf, 8) > 0, 
N(d, 8) 2 fi max{I, pA, - i}. 
i=o 
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